Abstract.
where R" is the homogeneous component of R of degree n.
V. E. Govorov conjectured that HR(Z) is a rational function [2] , [3] . This conjecture has been of interest in connection with the problem of the rationality of the Poincaré series of local rings (see for example [4] , [5] ). Recently, J. B. Shearer [6] has given a counterexample to the conjecture. He has constructed a monoid algebra with a nonrational Hilbert series, which is generated by 10 elements with 57 quadratic relations. In this note we give a simpler example, a monoid algebra with a nonrational Hilbert series generated by 6 elements with 9 quadratic relations.
Let F be a free monoid on a set {a, a+, b, b+, x,y), and let F° = F u {0} be the monoid F with a zero adjoined. We define a monoid M as a quotient of F°m odulo the following relations (i)-(iii).
(i) aa+ = a+a, bb+ = b+b, ab+ = a+b, ba+ = b+a.
(ii) ax = xa, bx = xb+,a+y = ya+, by = yb +. We will prove that HM(Z) is not rational. We consider the following 8 subsets of M. A : the submonoid of M generated by a, a+, b, b + . B (resp. B+): the submonoid of M generated by a, b (resp. a+, ¿+), X (resp. A"*): the set of all equivalence classes of words in a+, b+, x without a+, b+ in the last (resp. first) position, Y (resp. Y*): the set of all equivalence classes of words in a, b, y without a, b in the first (resp. last) position, C: the set of all equivalence classes of words in the form of xay (a G A).
Easily we find
Let p be any word. By transferring every x contained in p to the left and.y to the right as much as possible applying substitutions (i) and (ii), we get a word p equivalent to p whose every subword without x, y appearing just before x (resp. aftery) consists of only a + ,b+ (resp. a, b). This p takes the form of Let a El A. Moving the y in the last position of xay leftward as much as possible using substitutions (i) and (ii), we get a word xaxya2 equivalent to xoy such that ct2 G B+ and a, = 1 or
or a, = rxb+ (t, G £ + ). Let us define Dr(Z) = 2n>0^(«> r)Z". Using the formula 2 (r)z" ""-^777'
we obtain from (4) that
Clearly we have d(n, 0) = 2" and d(n, r) = 0 for n < r.
In particular D0(Z) = 1/ (1 -2Z).
For n, r > 1 we see d(n, r) = d(n -1, r -1) + ¿(n -1, r + 1).
It follows from (6) and (8) that Dr(Z) = Z(Dr_x(Z) + Dr+x(Z)) (9) for r > 1. Let e(n) be the number of sequences e" . . ., e" consisting of 1 and -1 of length n such that 1 + e, + • • • + en = 0 and e, + • • • + e, > 0 for all / < n. We define e(0) = 0 for convenience. Now define E(Z) = 2 e(n)Z". 
This means E(Z) is not rational (but algebraic). (11) also means that E(Z) satisfies the characteristic equation ZX2 -X + Z = 0 of the linear difference equation (9).
Hence observing (7) and (10) we get
Therefore by (5) we obtain
This shows that D(Z) is not rational. Consequently HM(Z) is not rational either.
Remark 1. The number of the relations cannot be reduced to 1, because a single relation always gives rise to a rational Hilbert series by Backelin [1] .
Remark 2. Recently Ufnarovsky [7] has shown that a graded algebra with a nonrational Hilbert series is constructed as a universal enveloping algebra of a certain Lie algebra. But there a generator of degree greater than 1 is needed. See also [6, Added in proof].
